PERTURBING MISIUREWICZ PARAMETERS IN THE 
EXPONENTIAL FAMILY 



NEIL DOBBS 



Abstract. In one-dimensional real and complex dynamics, a map whose post- 
singular (or post-critical) set is bounded and uniformly repelling is often called 
a Misiurewicz map. In results hitherto, perturbing a Misiurewicz map is likely 
to give a non-hyperbolic map, as per Jakobson's Theorem for unimodal inter- 
val maps. This is despite genericity of hyperbolic parameters (at least in the 
interval setting) . We show the contrary holds in the complex exponential fam- 
ily z h-> Aexp(^): Misiurewicz maps are Lebesguc density points for hyperbolic 
parameters. 



1. Introduction 

Jakobson's Theorem ( 14 ) from 1981 is one of the more celebrated and striking 
results in dynamical systems. In the real quadratic (or logistic) family f a : x H > 
ax(l— x), Jakobson showed that there is a positive measure set of parameters a close 
to the Chebyshev parameter a = 4 for which the map has an absolutely continuous, 
/ a -invariant probability measure fj. a . One can contrast this with the result f[L ^ [17 ] ). 
due to Graczyk and Swiatek, and to Lyubich, which states that the set of hyperbolic 
parameters is open and dense, to emphasise the intricacy of quadratic dynamics. 
Rees in [3T] generalised Jakobson's result to rational maps of the Riemann sphere. 
Benedicks and Carleson extended these results to the Henon family in [4] . In these 
settings, one starts with a map with a repelling post-critical set, and sufficiently 
small perturbations are likely to give non-hyperbolic parameters. In this paper we 
present a counter-example to this paradigm in the complex exponential family. 

In the exponential family fx : z <-> Xe z , a parameter A is called a Misiurewicz 
parameter if {/™(0) : n > 0} C C is a bounded, hyperbolic repelling set. For Misi- 
urewicz parameters, the Julia set is the entire complex plane (or, regarding / as a 
meromorphic map, the Julia set is the entire Riemann sphere). In particular, there 
are dense orbits. 

A parameter A is called hyperbolic if f\ has an attracting periodic orbit. For 
hyperbolic A, almost every orbit is in the basin of attraction of the attracting 
periodic orbit. 

Main Theorem. In the complex exponential family, Misiurewicz parameters are 
Lebesgue density points for the set of hyperbolic parameters. 

By this we mean, if A is a Misiurewicz parameter, H is the set of hyperbolic 
parameters and m denotes Lebesgue measure, then 

lim ™WX ')nH) = L 
r- >-o+ m(B(\,r)) 
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Misiurewicz parameters (and maps) have a long and involved history in the field 
of one-dimensional dynamics. Introduced by Misiurewicz in |19j for smooth maps 
of the interval, they became the first examples where some non-trivial condition 
on the behaviour of critical orbits guaranteed the existence of absolutely continu- 
ous invariant probability measures. This result was superseded by many more in 
interval dynamics, see [6] for one of the latest and strongest. The concept of Mis- 
iurewicz parameter exists in other contexts too, see |13[ [2j [9] for example. The 
articles [21 HH US 13] all find positive measure sets of non-hyperbolic parameters 
(admitting absolutely continuous invariant probability measures) in a neighbour- 
hood of Misiurewicz parameters. On the other hand, Misiurewicz parameters have 
zero Lebesgue measure, in general ( [23| \T\ 12]). 

In [24], Thunberg finds positive measure sets of non- hyperbolic parameters in 
unimodal families of interval maps with critical points of type exp(— |a;| _Q! ), pro- 
vided a < 1/8. We showed in [7] that if a > 1, no absolutely continuous invariant 
probability measure with positive entropy can exist, as was shown for Misiurewicz 
parameters in the same setting in [5]. For Misiurewicz parameters in the exponen- 
tial family, it was proven independently in (9) I15j that no absolutely continuous 
invariant probability measure can exist. 

Structural instability of Misiurewicz parameters in the exponential family was 
shown in [TS] [23 HI]- For the (non-Misiurewicz) map z H e z , the orbit of is a 
(wild) metric attractor attracting almost every orbit ( [20j [H]), although generic 
orbits are dense. This map is a density point for hyperbolic maps in the expo- 
nential family [26]. For those interested in the structure of parameter space of the 
exponential family (as opposed to metric properties), we refer to [22] . 

For a map f\ from the exponential family, f\(z) = Df\(z) and |/a(z)| = | A| e 3 *^^ , 
so f\ is 27ri-periodic, f\ maps vertical lines to circles, horizontal lines to rays 
emanating from 0, and rectangles of height 27r onto annuli centred at 0. Points far 
to the left get mapped extremely close to 0, and points far to the right get mapped 
extremely far from 0. 

The proof of the Main Theorem comprises of a number of steps. We show that 
for an exponential Misiurewicz map the derivative grows exponentially fast, except 
when it is slowed by the occasional passage close to zero. This allows us to estimate 
how long it takes for a large proportion of points to make a first entry into a left 
half-plane (and thus, on the subsequent step, a first entry to a neighbourhood of 
zero), together with derivative estimates for the first entry map. Next we show 
that this large proportion of points does not move too fast as the parameter moves. 
Using the estimates of Badehska (|2|), for small annuli A r of parameters A around 
the base parameter, {f\ r (0)}\eA r sweeps out a large annulus in phase space, and, 
for many parameters A, /™(0) lands on a point for which we have good estimates 
for the first entry to our neighbourhood of 0. If r is the first entry time to the 
neighbourhood, \DfZ(0)\ <C 1 and, controlling distortion, a ball centred on gets 
mapped inside itself, so an attracting cycle exists. 

2. Derivative Estimates 

Throughout the paper, let / = f\ : z i-» A exp(z), for some A G C, and 
suppose that the post-singular set P(f) := {/"(0) : n > 0} is a bounded hyperbolic 
repelling set, so there are no, a > such that \Df n °(z)\ > exp(a) for all z g P(f)- 
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Lemma 1. The Julia set is C. 

Proof. This follows immediately from Theorems 3-5 of [10] ; since the post-singular 
set is uniformly repelling. □ 

Lemma 2. |Ao| > 1/e. 

Proof. Otherwise f(B(0, 1)) C 5(0, 1) and / would have a parabolic or attracting 
fixed point. □ 

Lemma 3. For each z in J(f) \ P{f), there are arbitrarily small neighbourhoods 
U z on which the first return map <f> to U z is expanding (that is, \D(j>\ > 7 Z > 1). 

Proof. This is part (iii) of Lemma 1 1 of [5] . □ 

The following is a version of the classical Koebe distortion lemma. 

Lemma 4. For all large R, if g is any univalent map g on B(0,R), the distortion 
of g on 5(0, 1) is bounded by 1 + 4/5, that is, 

Dg(y) 



sup 

y,zEB(Q,l) 



Dg(z) 



< 1 + 4/5. 



We shall denote by A > 1 the modulus giving a distortion bound of 2, that is, 
the number such that for any univalent map g on 5(0, A), the distortion of g on 
5(0, 1) is bounded by 2. 

Lemma 5. Given any 5 > 0, there is a (3 > such that, for any z £ C and k > 0, 
z/dist(/ fc (z),5(/)) > S then \Df k (z)\ > (3. 

Proof. Some neighbourhood W of z mapped biholomorphically onto B(f k (z), 8/2) 
with a distortion bound depending only on 5. But / is not univalent on any ball 
of radius 7r, so W cannot strictly contain a ball of radius 7r. Combining these two 
facts, the derivative of f k on W cannot be too small. □ 

Lemma 6. There is an M > 3 such that, for all z £ C and k > 1, if \ f k (z)\ > M 
then \Df k {z)\ > 3. 

Proof. Let 5 > and let f3 be given by Lemma [5] Take M > 3/(3 sufficiently 
large that f{B{P{f),5)) C 5(0, M). Then {Df- 1 ^)] > /3. But \Df k (z)\ = 
\f(z)\\Df k - 1 (z)\ >M/3>3. □ 

The same line of proof gives: 

Lemma 7. Given Mi > there is an M2 > such that, for all z £ C and k > 1, 
> M 2 then \Df k (z)\ > M 1 \f k (z)\. 

Lemma 8. There exists 6 > such that for all z £ B(P{f),3S), \Df n °(z)\ > 
exp(a/2). 

Proof. Continuity of the derivative. □ 

Let S < 1 come from the preceding lemma and set V :— B(P(f), S). 
Lemma 9. There is some Pi > such that, for each z £ C and k > 1, 

\Df k (z)\>/3im{\f(z)\. 

l<j<k 
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Proof. It is easy to see that if \Df n (z)\ > 1, then 

|£>A*)I> M \f j iz)l 

1<J<" 

Let M be given by Lemma El Let n < k be maximal such that |/™(z)| > M. Then 
\Df n {z)\ > 3 and \Df k (z)\ = \Df n (z)\\Df k - n (f n (z))\ > \Df k - n (f n (z))\, so it 
merely suffices to prove that 

\Df k - n (f n (z))\ > fa inf |/'(z)|. 

fc— n+l<j</c 

Rewriting, it suffices to prove the lemma under the assumption |/ J (2)| < M for 
j = 1, . . . , k. LetW be the closure of 5(0, M) \ V. 

Let (3 be given by Lemma El and let n < k be maximal such that f n (z) G W, 
if it exists, otherwise set n = 0. Then > /3. If n = k, we are done 

(provided fa < (3/M). Now f n+1 (z),... 7 f k (z) G by definition of n. Since 
|L>/ no | > 1 on it follows that \Df k ~ n+1 (f n+1 (z))\ is bounded below by the 
constant fa := min(inf J<no infy |£>/-»|, 1) > 0. Then \Df k (z)\ > I3\f n+1 (z)\f3 2 . 
Taking fa := /3/3 2 /M works. □ 

In the following lemma, we use exponential growth when one remains in a neigh- 
bourhood of P(f), exponential growth when one remains in a bounded region dis- 
joint from that neighbourhood, plus absolute growth if an iterate lands outside a 
large bounded region to give some sort of non-uniform hyperbolicity statement for 
Misiurewicz maps. 

Lemma 10. There are c,N,N% > such that for each z there is a j < N + 
c\ log with \DP(z)\ > 3 and \Df(z)\, \P(z)\ < ^ + \f(z)\ fori = l,... , j. 

Proof. We can assume \f(z)\ < 3, otherwise one can simply take j = 1. Let k be 
minimal such that f k (z) $V. If k > p := 2uq\(2 — log |/(z)|)/a] , then 

\Dr(z)\>\f(z)\exp(pa/2n )>e 2 

and we are done. Otherwise, by LemmaO there is a f3 > such that \Df k (z)\ > (3. 
It suffices to show that, there is an N such that for each y G f(V) \ V there is a 
j < N with \Dfi{y)\ > 3//3. 

By Lemma[7J there is some M > diam(F) such that, for any z G C, if |/"(z)| > 
M then \Df n (z)\ > 3/(3. Thus we can set Ni :— |A |e M and restrict our attention 
to those y which do not leave B(0, M) for the first N iterates, for some large N to 
be defined. We can cover W := B(0, M) \ V by a finite collection of balls {Wi}f =1 
on which the first return map is expanding, by Lemma El so there is a 7 > 1 and 
each return map <f>i :Wi —> Wi has derivative greater than 7. 

Let p, r G N satisfy /3 7 p > 3/(3 and £e™/ 2 |A |e- M > 3/ fa Set N := pLrn . 

Consider the successive passages of y into W, at times fco, hi, ■ ■ . , say. By time 
fcpi, if such exists, there must be some Wi which is passed through at least p times. 
Then \Df k " L (y)\ > (3^ > 3/(3 and if k pL < N we are done. 

Otherwise, at some point the orbit must spend a long period, at least rriQ long, 
in 5(0, M) \ W = V, that is, there is some a > such that f {y) £ V for I = 
o+l,.. M a+rno < N and such that a = or /<%) G W with |/ a+1 (y)| > |A |e" M . 
But by definition of V, 

\Df rno (f a+1 (y))\ >exp(ra/2). 
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The choice of r entails P\Df rn °(f a+1 (y))\\f a+1 (y)\ > 3//3, so \Df a+1+rna {y)\ > 

3//?. □ 

Lemma 11. If f k (z) 6 V for all < k < nop then there is a neighbourhood of z, 
contained in B(z,26), mapped biholomorphically by f n ° p onto B(f noP (z),26). 

Proof. By induction. □ 

Recall that A > 1 is the constant giving a Koebe distortion bound of 2. 

Lemma 12. Given e > there is a 6q > such that the following holds. If 
f k (z) £ V for all < k < p then there is a neighbourhood Vf. of z, contained in 
B(z,e/\Df k (z)\), mapped biholomorphically by f p onto B(f p (z), Ado). 

Proof. Use the preceding lemma to reduce it to fewer than no iterates, and use that 
V is bounded, and bounded distortion of fonV. □ 

Lemma 13. There exists 6q > such that i/zgC and f° (z) G V for j = 1, . . . , k, 
ana \Df k (z)\ > 1, then there is a neighbourhood U of z mapped biholomorphically 
by f k onto B(f k (z),A6 Q ) with U C B(z,S). 

Proof. By hypothesis, \Df k (z)\ = \f(z)\\Df k - 1 (z)\ > 1, so letting e < 6/10 and 
taking 6q from the preceding lemma, there is a neighbourhood of f{z) contained 
in B(f(z),s\f(z)\) mapped biholomorphically onto B(f k (z), A5o). By properties 
of the exponential map, the relevant pullback of B(f(z),e\f(z)\) is contained in 
B(z,6). ' ' □ 

Lemma 14. Let 6q > be given by Lemma UM Let z £ C and suppose \Df k (z)\ > 
\Df J (z)\ for all j = 0, . . . k — 1. Then there is a neighbourhood of z mapped biholo- 
morphically by f k onto B(f k (z),A6o). 

Proof. Let j < k be maximal such that f^(z) ^ V. If such a j does not exist, 
we can simply apply Lemma 1121 Otherwise, applying Lemma 1131 there is a neigh- 
bourhood U of fi(z) mapped by f k ~i biholomorphically onto B(f k (z), A6o), and 
U C B(fi(z), 6), so UnP(f) — 0. Therefore there is a neighbourhood of z mapped 
biholomorphically onto U. □ 

3. Measure estimates 

Denote by TZ(x) the right half-plane {z g C : ^R(z) > x} and denote by C(x) the 
left half-plane C \ 7l(x). Denote by Q the collection of squares of the form 

{z : 2kir < SR(,z) < (2k + 2)vr; 2jn < < (2j + 2)vr}, 

for j, fceZ. Each square has diameter 2-\/27r- 

Let 6q > be given by Lemma [TU Let N% be given by Lemma [TOl By Lemma [3 
there is an M > 100 such that, if \ f k (z)\ > M then \Df k (z)\ > \ f k (z)\8ir/6 . We 
can suppose that M > |A |e Ari+2A . 

Lemma 15. For any Q £ Q with Q c TZ(M), and any U, n such that f n maps U 
biholomorphically onto Q, the distortion of f n on U is bounded by 2. 

Lemma 16. There is a finite collection of sets Ui, . . . , U p with corresponding num- 
bers nj such that f nj maps Uj biholomorphically onto a square from Q in 1Z[M), 
and such that for each y with \y\ < 2M , B(y,6 ) contains some Uj. 
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Proof. By transitivity of /, there is finite set Z such that dist(y, Z) < So/2 for all y 
with \y\ < 2M, and such that for each z E Z, there is an n such that f n (z) E 1Z(M). 
Now if z gets mapped by some /" inside a square Q E Q with Q C 1Z(M), then 
there is a neighbourhood U of z of diameter less than 2^/2ttSo/8tt = 8q/2\2 which 
gets mapped by /" biholomorphically onto Q. If \y — z\ < So/2, U C B(y, do)- The 
result follows. □ 

Lemma 17. There is a collection of sets {U}i>o and a constant K > 1 such 
that each U is mapped by some /" onto a square Q € Q with Q c 1Z(M) with 
derivative bounded by K and distortion bounded by 2, and such that, if %i(y) < M , 
then B(y,8o) contains an element from {Ui}i>o- 

Proof. Taking translates by multiples of 2ni of the collection of sets U\, . . . U p from 
Lemma [TBI deals with the points with — M < $t(y) < M. 

If < —M, by Lemma HOI there is a least j > 1 with 3 < \Df j (y)\ and 

for this j, \P(y)\, \Df J (y)\ < Nt. By Lemma [T4l there is a neighbourhood of y 
mapped biholomorphically onto B(f J (y), A^o) with a corresponding neighbourhood 
mapped V onto B(f 3 (y), So) with distortion bounded by 2 (by choice of A). On V 
we deduce 1 < 3/2 < \Df J (y)\ < 2N X . Now B(f j (y),S ) contains one of the sets 
U\, . . . , Up, and we can pull this set back with uniformly bounded derivative and 
distortion. 

The tighter distortion bound comes from Lemma [T5l □ 

Lemma 18. Let Q E Q satisfy Q C TZ(y) \ 7l(y + 7) for some y > M. Then 
there is a subset of Q mapped biholomorphically onto a square Q' E Q satisfying 
Q' cK(\\ Q \ e y/2)\K(\\o\eye 7 ). 

Proof. Let Z denote the cone of positive linear combinations of 1 + i and 1 — i. 
Then one quarter of any square of Q gets mapped injectively into Z. We have 
f(Q)HZ C K(\\ \e y /y/2), and /(Q) nft(|A |e«+ 7 ) = 0. Only a small proportion of 
squares from Q in f(Q) n Z intersect f{dQ), so we can pull back one of the other 
squares to get the required subset. □ 

Lemma 19. Let x > M and suppose Q E Q satisfies Q C 1Z(M). For some z E Q 
and some k > 0, the ball B{z, 1/a; 3 ) C Q is mapped by f k univalently into 7Z(x). 

Proof. Suppose Q C 7Z(y) \ 1Z(y + 7). By repeatedly applying Lemma [TS1 we 
can construct an increasing sequence of numbers y = y < yi < y% < • ■ ■ and a 
decreasing sequence of sets Q = Vq D V\ D ■ ■ ■ such that the following holds. For 
each k > 0, 

• f k (V k ) E Q; 

• e^/ 2 <y k+1 <e 7 |A |e^; 

. f k (V k )cK(y k )\K(y k + 7); 

The derivative \Df k \ on V k is, for each k, bounded by y\. The distortion of / on 
V k is bounded by 2 (by Lemma [T5|) . 

Let k > be minimal such that y k > x. If f k (V k -i) C C(2ex) then y k < 2ex + 7 
and \Df k \ on V k is bounded by (2ex + 7) 2 . Therefore V k easily contains a ball 
of radius 1/x 3 . Otherwise, f k (V k -i) is a geometric annulus centred on zero and 
intersecting lZ(2ex), and the square / fc ~ 1 (V4-i) contains a ball of radius 27r/16 
mapped by / into IZ(x), as is easy to check. The derivative of / fc_1 on V k ~i is 
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bounded by y\_ x < x 2 , so pulling back the ball we get a set containing a ball of 
radius 1/x 3 once again, as required. □ 

Lemma 20. There is a constant 7 > such that if x > M the following holds. 

If Q S Q, there is a ball of radius 7/x 3 inside Q which gets mapped univalently 
by some f n into lZ(x) with distortion bounded by 2. 

If$i(y) < M , then there is a ball of radius 7/x 3 inside B{y, 5$) which gets mapped 
univalently by f n , for some n > 0, into IZ(x) with distortion bounded by 2. 

Proof. This follows from Lemmas [171 HH □ 



The preceding lemma says that a certain proportion of everything at the large 
scale gets mapped far out to the right. The next lemma deduces the same, but at 
small scales. 

Lemma 21. There are constants k > 0, Mq > M such that the following holds. 
Given r € (0, 1), x > Mq and zeC, there is a finite collection of pairwise disjoint 
balls Bi C B(z,r), each of radius > e~ r, such that 

• mflJjBO/mCSfor)) > k/x 6 ; 

• for each Bi there is an Ui > with f ni (Bi) C 7Z{x); 
•\Df$ i \<e?*/r. 

Proof. Let n be minimal such that \Df n (z)\ > 10/r. If there is some minimal 
k < n with f k (z) € TZ(x), we can just pull back B(f k (z), 1) to get a set containing 
B(z,r/5), using the derivative estimate and a distortion bound of 2. Some large 
sector of B(z,r/5) gets mapped to lZ(dl(f k (z))) and the lemma follows easily. 

Otherwise, f k {z) TZ(x) for k = 0, 1, . . . , n - 1, and \Df n {z)\ < |A |e x 10/r. 

If |/"(z)| < M, then f n maps some neighbourhood W of z univalently onto 
B(f n (z),5o) with distortion bounded by 2 by Lemma fl4l By Lemma [20l there is 
a 7 > such that a ball of radius j/x 3 in B(f n (z),8o) that gets mapped with 
distortion bounded by 2 into K(x). As \Df n \ < 2\f n (z)\10/r < 2QM/r on W, 
pulling back this ball gives a subset of W containing a ball of radius (-f/x 3 )r/20M, 
as required. 

If |/ n (z)| > M, then is large, so some neighbourhood W of z gets 

mapped with distortion bounded by 2 onto B(f n ~ 1 (z), 1), and W D B(z,r/20). 
On B(f n ~ 1 (z), 1), / is univalent with distortion bounded by e 2 . Thus on W, the 
distortion of /" is bounded by 4e 2 . Then the squares {Q € Q : Q C f n (W)} 
fill most of f n (W). In particular, there is a collection of pairwise disjoint subsets 
Wi C W, each mapped by f n onto an element Qi of Q with m(\J i Wi)/m(W) > 1/2, 
say. One can apply Lemma [20] on each Qi and pull back to get a subset Vi C Wi 
mapped by f n onto a ball of radius j/x 3 , and some I > n such that maps 1^ 
with distortion bounded by 2 into 7£(:c). The distortion bound implies Vi contains a 
ball Bi of radius diam(V^)/4, so m(Bi)/m(Vi) > 1/16. We can assume I is minimal 
such that f l (Vi) C K(x). The /^(VS) ^ K(x + 1), and does not contain 

a ball of radius n. The bound on l-D/^l implies Bi has radius > (7/x 3 )r/20|Ao|e ;E . 
Therefore 

\Df\^\ < 207r|A |eV/r 7 . 
Thus |-D/yJ < 407r|A | 2 e 2:l:+1 a; 3 /r7 < e 3a: /r, if a; is large enough. 
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We note to finish that m(Vi) / m(Wi) > 7 2 /4x 6 for each i. Combining this with 
the uniform estimates for m(Bi)/m(Vi), m([j i Wi)/m(W) and m(W)/m{B{z 1 r), 
we conclude m((J i Bi) > K/x e m(B(z, r)) for some k > independent of x. □ 

We call a square D dyadic if 2n2 k D is an element of Q for some integer k > 1; 
2 _fc is then called the sco/e of D. Since each ball contains a square of comparable 
size, and vice versa, we the previous lemma also holds for dyadic squares, with 
perhaps a slightly smaller scale (which we estimate crudely). 

Lemma 22. There are constants k > 0, Mq > M such that the following holds. 
Let k > 3. Let x > Mq and let D C 7Z(—e x ) be a dyadic square of scale 2~ k . Then 
there is a finite collection of pairwise disjoint dyadic squares Di C D, each of scale 
> e~ 3x 2~ k , such that 

• rn(UiDi)/m(D) > k/x 6 ; 

• for each Di there is an m > with f ni (Di) C 7&(x); 

• f ni is univalent on B(z, A diam(Z?i)) for all z £ Di; 
. \Df^\<e 3x 2 k . 

If at all scales, a certain proportion gets mapped far out to the right, then 
almost every point does. The next lemma gives bounds on the time needed for a 
large proportion of points to get mapped far out to the right, together with a bound 
on the corresponding derivatives. 

Lemma 23. Let S be a bounded neighbourhood of P{f). There is a constant Mq 
such that the following holds. Let x > Mq. Let S 1 * denote the set of points z such 
that the first entry to IZ(x) happens at time n(z) with 

• \Df nt - z \z)\ < e x °; 

• n(z) < e 2x . 

Then m{S \ S*)/m(S) < 1/x. 

Proof. Let k, Mo come from Lemma [22l We can cover S with a finite number of 
dyadic squares of scale 2 -3 , each contained in B(S, 1), and with total area A, say. 
If M' > Mq is sufficiently large, x > M' and p = x 7 , then 

(1-k/x 6 ) p A< 1/x. 

At least a proportion k/x 6 of each of these dyadic squares is covered by dyadic 
squares of scale > 2~ 3 e~ 3x given by Lemma l22l The remainder, less than (1 — k/x 6 ), 
can be covered by other dyadic squares of size > 2~ 3 e~ 3x and we can apply 
Lemma [22] to each of these squares. Proceeding inductively, after p such appli- 
cations, we end up with a collection T> of dyadic squares such that 

m(S \ [j D) < (1 - k/x s ) p A < 1/x 

and such that each D € T> satisfies 

• the scale of D is > 2~ 3 {e~ 3x Y\ 

• there is an n D > 0, with f n °{D) C K(x); 

• f nD is univalent on B(z, A diam(D)) for all z £ D; 
. \Df^\<(e 3x r+\ 

We wish to show that 5* contains Ui^eD D. For a point y £ D £ T>, ud is 
not necessarily the first entry time n(y) to 7Z(x), but for all j < n, 3\Df J (y)\ < 
\Df nD (y)\, so \Df n ^(y)\ < (e 3x ) p+1 < e x \ 
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It remains to show that no is not too large. While no may not be the first entry 
time for all points y G D, it can be assumed that it is for some point z G D. Now 
P on B(z, diam(Z?)) is univalent with distortion bounded by 2 for all j < no, by 
choice of A, so f J {B{z 1 d\ava{D)) cannot contain a ball of radius 7r for any j < no 
and thus has diameter bounded by Air. In particular, it does not intersect 7Z(x+4:Tr). 
Thus for 1 < j < n D , p(D) C B(0, \X \e x+4n ). 

By Lemma HU1 inside the region B(0, |Ao|e ;E+47r ) the derivative multiplies by at 
least 3 at least every C$e x steps for some Co > 0. Thus, 

3 n D /C e° < \DfTg\ } 

so taking logs and using the estimate for the derivative, 

n D /Coe x < 3x(p+l), 

n D < C (p+l){3x)e x < e 2x . 
We reset M := M'. □ 

A key claim in the next lemma is that for many points, the first entry to £(— e x ) 
actually lands in £(— e x+ ^ x ). This added distance will be crucial later on to kill 
the derivative in the subsequent iterate. 

Lemma 24. Let S := B(P(f), 1). There is a constant Mi such that the following 
holds. Let x > M\. Let So denote the set of points z G £>(P(/),1 — a; -1 / 4 ) such 
that the first entry to C(—e x ) happens at time n(z) with 

• f n(z) (z) G Ci-e^^) 

• e x < \Df n ^{z)\ < e x9 \${f n( - z '> (z))\ 3 ; 

• inf i+fe < n(z) \DP(f k {z))\ > exp(-e-+ 1 ); 

• n(z) < e 3x ; 

• / n ( z ) maps a neighbourhood of z onto the element of Q containing /™( z ) (z) 
with distortion bounded by 1/x. 

Then m(S\S ) < 1/logx. 

Proof. The length of dS is bounded, so there is some C > such that, setting 
S x := B(P{f), 1 - 2a;- 1 / 4 ), we have m(S x )/m{S) > 1 - Car 1 / 4 for all x > 1. 

Let S 1 * be given by Lemma [23l for some sufficiently large x. Set S' :— 5* n S x , so 
m(S')/m(S) > 1 — 1/x — Cx^ 1 / 4 . Let z G S' and let n be the associated number 

9 

n(z) given by the lemma, so \Df n (z)\ < e x . 

Suppose first that < x + x 3 / 4 . Let T denote the partial strip 

{z : x < $t(z) <x + x 3/i ; 2jn < $$(z) < (2j + 2)tt} 

containing f n (z), for the relevant integer j. By Lemma [71 the neighbourhood 
of z mapped univalently by f n onto T has diameter less than x 3 ^ 4 /x = x -1 / 4 , so 
C B(P{f), 1 - x- 1 / 4 ). Let T+ := T n K(x + 2y/x), and set W :— {z £ W : 
f n {z) G T+}. Then 

m(H^)/m(W») > 1 - A^/x 3/i = 1 - 4x _1/4 , 

using a distortion bound of 2. 

If > x + x 3 / 4 , let T denote the partial strip 

{z : x + k < 5R(/ n (z)) <x + k + l;2jn< < (2j + 2)tt} 
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containing f n (z), for the relevant integers k,j. As before, by Lemma[7l the neigh- 
bourhood W of z mapped univalently by /" onto T has diameter less than 1/x, and 
f$r has distortion bounded by 2. Thus W C B(P(f), 1-1/x) C B(P(f), l-x" 1 / 4 ). 

Since we can do this for each z G S' , there is a collection W of pairwise disjoint 
subsets B(P(/),l-x- 1 / 4 ) with mdJ^ew H/ )/ m ( 5 ') ^ 1-42:- 1 / 4 . Moreover 
each W is mapped univalently onto a partial strip T C 72. (a; + 2y/x). Standard 
arguments show that there is a set 2V C T of measure (1 — l/x)m(T) such that 
for each y £ T\y, for some < k < x, 

• 3?(/ fe+1 ) < -\f k (v)\ 2 < -e x +^; 

. \f k + l {y)\ < \m k+ Hy))\ 2 , 

and, for < j < k, M(f j+1 (y)) > \P(y)\ 2 - Pulling back the T w to the W (with 
distortion bounded by 2) and taking a union over W £ W, we get a set So with 
m(So)/m(S') > 1 — 2/x — 4a; -1 / 4 and the desired properties: The lower derivative 
bounds follow from Lemmas [7] and [9] (note that |/- , (^)| > |Ao| exp(— e x ) for j < n). 
The distortion bound is given by Lemma |4] 

Thusm(So) > (\—2/x—Ax~ 1 / i —l/x—Cx~ 1 / i )m(S). For large x, this expression 
is greater than 1 — 1/logx. □ 

4. Parametric estimates 

We denote by log the branch of logarithm sending a neighbourhood of 1 in C to 
a neighbourhood of 0. 

Lemma 25. Let 7, /3 e (0, 1/10). Let Ai , A 2 € C \ {0} wit/i | log(Ai/A 2 )| < P, and 
let gj : z i-> A^e 2 /or j = 1, 2. Suppose y, z £ C and gi(z') = z. If \(y — z)j z\ < 7, 
t/ien t/iere is a point y' close to z with 32(2/') = y with 

\y' -z' -{y-z)/z\<i 1 2 +(3. 

Proof. Dividing gives y/z = e y ~ z \%/\\ for any preimage y' of y, in particular 
the closest one to z' . Taking logs, we have log(y/z) = log(A 2 /Ai) + y' — z' . Then 
y'-z'= {y- z)/z + \og(X 2 /X 1 ) + log(y/z)-(y- z)/z. Writing y/z = l + (y-z)/z 
and expanding log gives | log(y/z) — (y — z)/z\ < 3-f 2 . The result follows. □ 

Lemma 26. Letx > 10. Let Ai,A 2 £ C\{0} with (3 := |log(Ai/A 2 )| < exp(-5e x+1 ), 
and let gj : z 1— >• \j& z for j — 1, 2. Suppose n > 0, z = z„ € C, and <?i(zj + i) = Zj 
for j = 0, 1, . . . ,n - 1. 

• inf i+fc < n |Ds2(fl£(z))| > exp(-e a:+1 ); 

• n < e 3a; . 

Then there is a y n with Ig^illn) ~ g{{z n )\ < /3exp(e ;E+2 ) for all j < n and <7 2 (?m) = 
Moreover | logL)p2% n )/L)gf (z„)| < exp(-e a: ). 

Proof. Let us assume we have constructed yj for j < k, and 1 — yj/zj is small. Set 
ctj := log(Ai/A 2 ) + log(%/zj) - (yj - Zj)/zj. Then set 

Vk = z k + (j/fe-i - Zk-i)/zk-i + "fe-i, 
so g%{yk) = Vk-ij and define ctfc appropriately. It follows that 

fc-i 

Vk - z k 



£*Dg"-j(z k y 
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Thus \yk — Zk\ < e 3x exp(e x+1 )ma,Xj < k \otj\. For k < n, \zk\ > exp(— e x+1 ) (by the 
derivative estimate), so 

\yk - z k \/\z k \ < e 3x exp(2e s+1 )max|a,-|. 

j<k 

Applying Lemma [25| 

|a fc | <£ + 3e 6x exp(4e* +1 )max|a i | 2 < /3 + /T 1 max |a i | 2 /4. 

j<k j<k 

Now |ao| = /?, so by induction it follows that |oj-| < 2(3 for all j < k. Hence 
\Vk — Zk\ < 2(3e 3x exp(e x+1 ) < f3exp(e x+2 ). The existence of y n follows by induction. 
For the derivative estimate, note that 

< e 3x Af3e 3x exp(e x+1 ) < exp(-e a: ). 

□ 

The preceding lemma allows us to show that some sets which get mapped even- 
tualy onto a square far out to the left do not move very fast as the parameter A 
varies, so if A does not vary much, the intersection remains large. Later on we will 
show that for relatively large sets of parameters, the orbit of under fx lands in 
one of these intersections. 

Given a function R : C 2 — > C, for j = 1, 2 we let DjR(zi, z%) denote the partial 
derivative of R with respect to the j th variable, evaluated at the point (zi, zq). 

Lemma 27. Let C, i>q > 0. There is an M 2 > such that for x > M 2 , the following 
holds. Suppose A C B(P(f), 1) satisfies m(A) > v 2 and rn(B(dA, v))/m(A) < Cv 
for all v £ (0, Vq). Let B := {A : | log(A /A)| < exp(— 5e x+1 )}. There is a collection 
{Ui}f =1 of pairwise disjoint subsets of A and numbers m, together with a map 
R : [J; Ui x B -> A \ B(dA, e~ x ) such that 

• R(z, Aq) = z; 

• on each [/j x B, R is holomorphic, |logDi-R| < exp(— e x ) and |£*2-R| < 
exp(e a:+3 ); 

• m ({Ji Ui)/m(A) > l/loglogx; 

• for each X, the sets R(Ui, A) for I = 1, . . . ,L are pairwise disjoint; 
. fl l {R{U h A)) C C(-e x +^ + 2n); 

• \Df?\ W u„x) <e*°mf z€mi , x) mr>(z))\*; 

Proof. Let S := B(P(f,l)) and let M x be given by Lemma l24l Let x > M\. 
Let be given by Lemma [2H so m(A \ So) < m(S \ So) < 1/logx. Then 
we can cover Sq by neighbourhoods U z of points z € Sq each mapped by /"W 
biholomorphically onto the element Q z of Q containing f n ^ z \z) G C(— e x+ ^ x ). 
Clearly Q z C C(—e x+ ^ x + 2n). Since n(z) is also the first entry time of z to £(— e x ), 
it follows that if z' G So and Q Z C\Q Z > ^ then Q z = Q z >. Thus the neighbourhoods 
U z form a finite (since n(z) is bounded), pairwise disjoint collection which we can 
write as {Ui}f =1 , setting ni := n(z) for some (or any) z G Ui. The estimate on the 
diameter of Ui comes from Lemma [71 for example. 

Now the distortion of f ni is bounded by 2 on each Ui by Lemma [T5l so 

\Dr% h < 2e x ° sup mf n '(z))\ 3 < e x " inf \M(f n ' (z))\ 4 /2. 



log 



Dg{ l (zn) 



-1 

E 

J=0 



< 



Vi 
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We can therefore use Lemma [26] to study the holomorphic map Ri : Ui x B — > C, 
where Ri(z, Ao) = z and 

ByLemmaES \\og D^_Ri\ < exp(-e x ). This gives the bound for |-D/™ ! | on Ri(Ui,X). 
Meanwhile, the lemma also gives that for each z € Ui and Ai £ B we have 
|iZ/(z, Ai) — Ri(z, A) | < | log(A/Ai)| exp(e x+2 ). It follows easily from this that 
|D 2 -R/(z, Ai)| is bounded by 4exp(e a:+2 )/|Ai| < exp(e a:+3 ), and this for any Ai G 5. 
Again, since n; is the first entry time of any point of _/?/([//, A) (under iteration by 
fx) to C(—e x — 1), the sets Ri(Ui, A), 1 < I < L, are pairwise disjoint. Define R as 
the map whose restriction to each Ui is Ri . 

It remains to show that a subcollection of the sets Ui has large enough measure. 
We have that each Ui from Lemma |2"TI has diameter less than e~ x . By the bound 
on I-D2-RI, we have max^gs \R(z, A) — R(z,Xq)\ < exp(e x+3 ) diam(B) < e _:E , so 
the combined measure of those Ui for which R(Ui,X) n -B(cM, e _2: ) 7^ for some 
A £ B is less than 3Ce _2: . Thus letting U denote the collection of Ui for which 
R(U h A) C A \ B(dA, e~ x ) for all X e B, we have 

m(A\ |J C/ ; ) < l/logx + SCe"* < 2/ log a; 

for large x. Meanwhile, m(A) > Vq, so we deduce 

TO ( IJ U l)/ m ( A ) > 1 ~ 2/m(A)logx > 1 - 2/^logx > 1 - 1/ log log x, 

u t eu 

again for all large x. □ 

5. Proof of Main Theorem 

Let us write £ n (A) := /™(0). Let 01,02) denote the annulus centred on 
i/eC with inner and outer radii of lengths a±, a 2 . Given k > 2, the k rays leaving 
y with angles 2jn/k for j < k divide 01, 02) into fc congruent pieces which we 
will call k-sectors of A(y; a±, 02). 

Let Jo be given by Lemma 1131 From Lemma 4.1 and the lines preceding it in 
[2], there are K, C\, 8' > with <5' < <$o/2 such that the following holds. Let e > 0. 
There are 7 < 1 and ro, n, C, vq > such that the following holds. Let r € (0, 7*0). 

• : ^4(Ao; 7r, r) — > B(P(f), Sq) has distortion bounded by 1 + e; 
. \DU\>5'/C 1 r; 

. |D/jf(0)| < C\/r K ; 

• the map is univalent on each 2fC-sector Aj, 1 < j < 2-ftT, of ^4(Ao; 7r, r); 

• J'/Ci < diam(C„(A i )) < <5'; 

• for all ^ € (0, fo), 

miBidUAi),"))/™^^)) < Cv. 
Note that the last statement follows from the preceding one and bounded distortion 
of in- 

Let M2 be given by Lemma l27l for C and Let 

n :=min(r ,exp(-5 e M2 + 3 ),(<57C 1 ) 2 ). 

Let r < ri and let x satisfy r = exp(— 5e ;E+3 ), so x > M2. Fix some 2Zf-sector Aj 
of A(\ Q ;jr,r) and set A := £„(A,). 
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For A € B(Xo,r), we have |log(Ao/A)| < exp(— 5e x+1 ). Thus we can apply 
Lemma [27l Let {Ui\f =1 and the map R be given by the lemma. Fix I for now, and 
let z G Ui. Let 

W z := {R(z, A) : A e B} C A \ B(dA, e~ x ). 
As <C |P£n|, the map ?/ i-> R(z,^~ 1 (y)) is a strict contraction on W z and 

it has a unique fixed point y z £ W z C A. Let A(z) := ^ 1 (y z ), so £ n (A(z)) = 
P(z, A(z)). Now P£„ — D2R 7^ 0, so we can apply the implicit function theorem 
to deduce that z i— >■ A(z) is holomorphic on each Ui. Suppose A(z) = A(zi). From 
Lemma Wf\ for each A, the sets R(Ui, A) are pairwise disjoint, so z and z\ must be 
in the same Ui. But on each Ui x {A}, P is a homeomorphism, so z = Zi. Thus 
A(z) is injective on [/ := U/=i ^z- 

Taking derivative of £„(A(z)) = R(z, A(z)) with respect to z, 

Df n (A(z))DA(«) = £>iiJ(«,A(«)) + D2i2(*,A(«))DA(z), 

so 

D£n(A(*))£>A(z) = PxP(z, A(z)) fl - IV " " Al : ' ' 



Now 



D 2 R(z,A(z)) 



D£ n (z) 



< exp(e x+3 )rCi/<r < exp(-e x ), 



^fn(A(2)) 

and |Pi(P(z,A(z))| < exp(-e x ). Thus |DA(z)D£„(A(z)) - 1| < e~ x , say. In 
particular, 

{l-e- x ) 2 [ |D^T^< / |-DA| 2 dm = m(A(tT)). 

But the distortion bound on £„ gives 

iD^fdm/miAj) > (1 - s)m(U)/m(A) > (1 - e)(l - 1/ log log a;). 

Thus m{h.{U))/m{A 5 ) > (1 - - 2/ log log a;). 

For each A € A(f7), there is an n> for which, setting P A := !ft(/™ A (0)), 

• P A < -e I+v5 + 2tt; 

. |Dtf*(0)| <e a = 9 (C 1 /r^)|P A | 4 ;_ 

• a neighbourhood Pa of (using Lemma II 3[) is mapped by some iterate 
of f\ onto the R(Ui,X) containing P(A _1 (A),A) and thence onto an ele- 
ment Q\ := f nx (B\) of Q, all with distortion bounded by 2. We have 
B(0,1/|C(0)|)CB A CB(0,1). 

We note that e p ^ 2 > l/r 6K = cxp(6Ke x+3 ), so 

sup|/ A ||P/H0)| 6 < e p ^e 6 *\c x /r K f\P x \™ < 1/2, 
Qx 

provided x is large. Thus |P/" a+1 ||b a < so 

/^ +1 (Pa) C B(f^ +1 (0),\Df^(0)\- 5 ) C P(0,|P/ A ^(0)|- 4 ), 

so f^ x+1 (B\) C Pa, /a has an attracting periodic orbit and A is a hyperbolic 
parameter. If H denotes the set of hyperbolic parameters, H n A j D A([7). 

Thus m(H n A(X Q ;~fr,r)) > m(A(U))/m(Aj) > (1 - e)(l - 2/ log log a;) for 
all r < r\. Having chosen e as small as we want, and recalling r — exp(— 5e x+3 ), 
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m(Hr\A(Xo; jr, r)) is arbitrarily close to 1 for all sufficiently small r > 0, completing 
the proof. 

Acknowledgments 

While this research was being conducted, the author was a Goldstine Fellow at 
the Business Analytics and Mathematical Sciences Department at the IBM T. J. 
Watson Research Center in New York. The author is very grateful to IBM and its 
staff for their support. 

References 

[1] Magnus Aspenberg. Rational Misiurcwicz maps are rare. Comm. Math. Phys., 291(3):645- 
658, 2009. 

[2] Agnicszka Badcriska. Misiurewicz parameters in the exponential family. Math. Z., 268(1- 
2):291-303, 2011. 

[3] Michael Benedicks and Lennart Carleson. On iterations of 1 — ax 2 on (—1, 1). Ann. of Math. 
(2), 122(l):l-25, 1985. 

[4] Michael Benedicks and Lennart Carleson. The dynamics of the Henon map. Ann. of Math. 

(2), 133(1):73-169, 1991. 
[5] Michael Benedicks and Michal Misiurewicz. Absolutely continuous invariant measures for 

maps with flat tops. Inst. Hautes Etudes Sci. Publ. Math., (69):203-213, 1989. 
[6] H. Bruin, J. Rivera- Letelier, W. Shen, and S. van Strien. Large derivatives, backward con- 
traction and invariant densities for interval maps. Invent. Math., 172(3):509-533, 2008. 
[7] Neil Dobbs. On cusps and flat tops. Arxiv preprint arXiv.0801.3815, 2008. 
[8] Neil Dobbs. Nice sets and invariant densities in complex dynamics. Math. Proc. Cambridge 

Philos. Soc, 150(1):157-165, 2011. 
[9] Neil Dobbs and Bartlomiej Skorulski. Non-existence of absolutely continuous invariant prob- 
abilities for exponential maps. Fund. Math., 198(3) :283-287, 2008. 
[10] A. E. Eremenko and M. Yu. Lyubich. Dynamical properties of some classes of entire functions. 

Ann. Inst. Fourier (Grenoble), 42(4):989-1020, 1992. 
[11] Jacek Graczyk, Janina Kotus, and Grzegorz Swiatek. Non- recurrent meromorphic functions. 

Fund. Math., 182(3):269-281, 2004. 
[12] Jacek Graczyk and Grzegorz Swiatek. The real Fatou conjecture, volume 144 of Annals of 

Mathematics Studies. Princeton University Press, Princeton, NJ, 1998. 
[13] P. Grzegorczyk, F. Przytycki, and W. Szlenk. On iterations of Misiurewicz's rational maps on 
the Riemann sphere. Ann. Inst. H. Poincare Phys. Theor., 53(4):431-444, 1990. Hyperbolic 
behaviour of dynamical systems (Paris, 1990). 
[14] M. V. Jakobson. Absolutely continuous invariant measures for one-parameter families of one- 
dimensional maps. Comm. Math. Phys., 81(l):39-88, 1981. 
[15] Janina Kotus and Grzegorz Swiatek. No finite invariant density for Misiurcwicz exponential 

maps. C. R. Math. Acad. Sci. Paris, 346(9-10):559-562, 2008. 
[16] M. Yu. Lyubich. The measurable dynamics of the exponential. Sibirsk. Mat. Zh., 28(5):111- 
127, 1987. 

[17] Mikhail Lyubich. Dynamics of quadratic polynomials. I, II. Acta Math., 178(2):185-247, 247- 
297, 1997. 

[18] P. Makicnko and G. Sienra. Poincare series and instability of exponential maps. Bol. Soc. 

Mat. Mexicana (3), 12(2):213-228, 2006. 
[19] Michal Misiurcwicz. Absolutely continuous measures for certain maps of an interval. Inst. 

Hautes Etudes Sci. Publ. Math., (53):17-51, 1981. 
[20] Mary Rees. The exponential map is not recurrent. Math. Z., 191(4):593-598, 1986. 
[21] Mary Rees. Positive measure sets of ergodic rational maps. Ann. Sci. Ecole Norm. Sup. (4), 

19(3):383-407, 1986. 

[22] Lasse Rempe and Dierk Schleicher. Bifurcations in the space of exponential maps. Invent. 

Math., 175(1): 103-135, 2009. 
[23] Duncan Sands. Misiurewicz maps arc rare. Comm. Math. Phys., 197(1):109-129, 1998. 



PERTURBING MISIUREWICZ PARAMETERS IN THE EXPONENTIAL FAMILY 15 



[24] Hans Thunberg. Positive exponent in families with flat critical point. Ergodic Theory Dynam. 

Systems, 19(3): 767-807, 1999. 
[25] Mariusz Urbariski and Anna Zdunik. Instability of exponential Collct-Eckmann maps. Israel 

J. Math., 161:347-371, 2007. 
[26] X. Wang and G. Zhang. Most of the maps near the exponential are hyperbolic. Nagoya 

Mathematical Journal, 191:135-148, 2008. 



